Abstract A novel approach to modelling doubly-fed induction machines facing (distorted) ac power networks is presented. It takes place in the frequency-domain and is based on frequency coupling matrices using tensor algebra. Benefits of this comprehensible and fast modelling approach are demonstrated by establishing a feed-forward control signal that reduces stator current harmonics and torque ripple thereby improving the network compatibility and reducing the stress on the mechanical drive train. Dynamic simulations using PSCAD/EMTDC and MATLAB/Simulink are presented demonstrating the effectiveness of the proposed modelling approach and the feed-forward compensation scheme.
Introduction W
IND energy applications are becoming increasingly widespread. The installed capacity in Europe increased by 20% in 2004 to a total installed capacity of 34.205MW. Leading countries were Spain (2065MW), Germany (2037MW) and Great Britain (240MW). Fig. 1 shows the development in the German market [1] .
Two main types of wind energy converters are installed almost exclusively; wind energy converters using synchronous machines (with either permanent magnets or separately excited) and doubly-fed induction machines (DFIMs) (see Fig. 2 ). Both system have high controllability but are also known to generate and to be adversely affected by harmonics [2] . Doubly-fed induction machines have the great advantage that the stator is directly connected to the grid and the rotor-side converter handles a maximum of approximately 30% of the rated power. Thus, the converters are substantially smaller and cheaper compared to the converters for synchronous machines. However, harmonic and interharmonic interactions with the 1991 1992 1993 1994 1995 1996 1997 1998 1999 grid are manifold and have a negative impact on network compatibility. Furthermore, the mechanical stress on the drive train increases. Significant harmonic and interharmonic distortions may result if not properly controlled [3] . For ac systems with unbalanced impedance or with unbalanced voltage sources, controls can be made insensitive to the associated distortion, or can be used to actively reduce distortion levels. One possibility to actively reduce distortion levels has been recently published [4] . The strategy is based on knowledge of the ac system distortion, and utilizes feed-forward. The appropriate harmonic rotor voltages that have to be injected in addition to the fundamental rotor voltage are computed for known stator voltage distortions. Knowing the appropriate feed-forward signal is difficult and based on complex computations. A novel approach to modelling doubly-fed induction machines facing distorted ac power networks is presented in this paper. This modelling approach is not only very comprehensible and computationally efficient but also provides an elegant way to obtain the appropriate feed-forward signals including ac network characteristics.
Modelling
The standard approach to modelling ac induction machines in a rotating reference frame is used. While developing this model, some simplifications of the real system are necessary. These simplifications are commonly made and do not alter the main characteristics. The main assumptions are:
• no saturation of the inductances • stator and rotor windings are represented through threephase systems • the distributed windings are sinusoidally distributed along the circumference of the machine, they are represented by concentrated windings • harmonics caused by the assembly, e.g. slot harmonics, are neglected.
• all spatial quantities (e.g. flux) are spatially sinusoidal • iron losses and skin effect are negligible • the stator and rotor resistances are constant • all rotor quantities are referred to the stator with the appropriate winding ratio This yields the well-known non-linear state space model in the rotating dq-reference frame for induction machines [5] 
where v 
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An appropriate non-linear output equation is found by including the equation of motion
The torque T L is the load torque and T el is the electrical torque developed by the machine
For further details see [4] , [5] . The following problems are immediately apparent: The output equation is non-linear due to multiplications of state variables and the state matrix is non-linear and time-dependent because of its dependence on the rotor frequency ω 2 and the mechanical speed ω r . For timedomain simulation purposes, however, the state-space Eqn. (1) and the torque Eqn. (4) are fully sufficient and are used in the Simulink model.
Small-signal linearisation
In order to obtain a linearised model of the machine, the equation of motion is included into the state-space representation. Let the following autonomous set of equations represent the machine's dynamic behaviouṙ
where the set of non-linear equations f relates the state vector [x(t)] =ẋ and the input vector [u(t)] = u [6] . Taylor series expansion with terms involving second and higher order powers of ∆x and ∆u neglected yields the linearised state
where x 0 and u 0 describe the steady-state operating or equilibrium point around which the small-signal analysis is carried out. ∆ indicates the small-signal linearised nature of the system. The small-signal linearised state-space representation for the induction machine is given in
Further details on the linearisation process of arbitrary statespace systems can be found in [6] . This small-signal timedomain state-space model does not provide an insight into the generation and propagation of harmonics. It is desirable to represent the system in the frequency-domain, where fundamental characteristics are significantly more apparent. Furthermore, the computation of appropriate rotor voltage injections in the presence of harmonic stator voltage distortions is straightforward and fast.
Small-signal frequency-domain model of the doubly-fed induction machine
By taking the Laplace transform of Eqn. (8) and by applying Eqn. (2), the state-space representation in the Laplace domain is obtained
The initial conditions, i.e. the initial distortions, of the system ∆x i (t = 0) can be assumed to be zero. Thus, Eqn. (9) 
(10) where [I] is the identity matrix the same size as
(11) This paper focuses on the harmonic analysis of doubly-fed induction machines. Thus, the Laplace operator s = σ + jω is reduced to s = jω. Most elements in [DF ∆ (jω)] are constant and not frequency dependent. In order to avoid complex computations and in order to obtain a fast and comprehensible model for the doubly-fed induction machine, the transfer matrix [DF ∆ (jω)] is computed for n frequency components, spaced ∆ω apart. The use of complex numbers is avoided by separating the real and imaginary components and applying tensor algebra. For details on this modelling approach see [7] , [8] . The resulting n transfer matrices [DF ∆ (∆ω) n ] are merged into one matrix. This matrix is called frequency coupling matrix DF ∆ and is given as 
All sub-matrices DF * * are matrices in the appropriate tensor representation and contain only real numbers. The frequency and frequency cross-coupling information is embedded in the coefficients that are building the frequency coupling matrix. Fig. 3 is a visualisation of the matrix structure of DF ∆ . The diagonal line in each sub-matrix represents the location of tensor elements in the matrix.
harmonic order of output The sparse nature of the matrix is immediately apparent. This indicates very little frequency cross-coupling but also clearly shows all resultant frequencies for any harmonic perturbation. In its present form this frequency coupling matrix has a drawback. Rotor and stator quantities are transformed into the same rotating reference frame, thus information about the real frequencies and their associated frequency shifts from the rotor into the stator and vice versa is lost. This information can be retrieved by transforming the machine model from the dq-reference frame to sequence components. This is accomplished in the time-domain by applying Eqn. (15). A similar expression exists in the frequency-domain and can be found in [8] .
Rearranging Eqn. (12) yields
which can finally be expressed as 
This allows the computation of the rotor voltages to be injected for a given and known stator voltage distortion and desired stator current harmonics. It is neither sensible nor realistic that the load torque variations could be chosen freely. They are imposed onto the system by the wind turbine. Thus, solving Eqn. (14) 
Results
Dynamic simulations using PSCAD/EMTDC and MAT-LAB/Simulink are used in order to verify the proposed feedforward control approach. Table I summarises the machine parameters for this simulation. Fig. 4 shows the circuit which is used in PSCAD/EMTDC and MATLAB/Simulink to analyse the harmonic response of the doubly-fed induction machine and the proposed feed-forward control approach.
The undistorted three-phase grid voltage v 1 and a 5 th harmonic negative sequence distortion ∆v 1 = 9.8 V at 3% of the fundamental voltage level are supplied to the stator terminals. The load torque is T L = 1.4 (p.u.) = 51 Nm. The resultant rotational speed consists of two components; the operating point speed ω r and an oscillating component ∆ω r . The rotor voltage source ∆v 2 is controlled in such a way as to inject the appropriate rotor voltages computed by solving Eqn. (14) Finally, rotor voltages as previously computed, with unchanged magnitude and phase angle, are injected into the rotor but the load torque is reduced to zero T L = 0. The resulting frequency spectra for the positive and negative sequence stator currents are shown in Fig. 9 . The frequency of the rotor voltages has to be adapted to the new operating point conditions. If the frequency remained unchanged, significant additional distortions result, since the induced emf due to the additional rotor voltages and the harmonic stator voltage would then oscillate at different frequencies. It can be seen that the 5 th harmonic stator current remains unchanged compared to the previous test case. It is relatively large at approx. 8% of the fundamental current level without feed-forward control. The compensation is still very effective at no-load even though the compensation voltages are calculated for a given operating point (T L = 1.4 (p.u.)) and the new operating point differs significantly at T L = 0. Thus, the linearisation is truly reasonable and the obtained model covers a large operating range.
Discussion
It can be clearly seen from Fig. 5 to Fig. 9 that the compensation scheme is effective and significantly reduces the harmonic current flow and torque ripple due to stator voltage harmonics. The reduction in the distortion level of doublyfed induction machines can be explained easily if the stator resistance is ignored. The stator voltage and flux linkage are coupled through the law of induction
The stator flux linkage is given through
Thus, the rotor current has to provide the change in the stator flux ∆i
for harmonic stator currents ∆i d,q 1 = 0. The rotor current can be computed solving the last two lines of Eqn.
Solving Eqn. (14) could be considered a "short-cut" to the above explanation.
There are some constraints on this type of control. Firstly, the stator voltage distortion has to be known in advance. As most grid voltage distortions can be expected to change very slowly the necessary signal processing can be conducted slowly. Secondly, this feed-forward control approach is intended to be a steady state frequency specific harmonic cancellation and should consequently be made insensitive to transients. Thirdly, the calculation of the injected rotor voltages relies on a linearised model. The model is linearised around a certain base case operating point. Base case operating point conditions are embedded in the resulting transfers. As a consequence, the rotor voltage injections have to be re-calculated for every new operating point or left unchanged for a slightly less effective cancellation.
Conclusions
The transfers of the doubly-fed induction are derived for a given operating point around which the non-linear set of equations is linearised. The resulting transfers are subsequently transformed into the frequency-domain and represented through frequency coupling matrices using tensors. The benefits of representing the doubly-fed induction machine through frequency coupling matrices are twofold: firstly, the modelling approach uses only linear algebra. Thus it is extremely fast. Secondly, it is very comprehensible in terms of harmonic generation and propagation. The latter provides an excellent insight into the mechanisms through which harmonics are transformed and generated. This was used to implement a feed-forward control scheme that significantly reduces stator current harmonics and torque oscillations in the presence of stator voltage distortions. Appropriate rotor voltage injections can be easily computed if the stator voltage contains more than one harmonic component, since the feed-forward control strategy is based on a linear model. The reduction of stator current harmonics improves the network compatibility. The reduction of electric torque pulsations reduces the mechanical stress of the drive train. Both are particularly important for wind power applications that are likely to be connected to the public grid at the medium voltage level, and where the gear-box is the component which is most likely to fail.
